The spin-orbit coupling in graphene induces spectral gaps at the high-symmetry points. The relevant gap at the ⌫ point is similar to the splitting of the p orbitals in the carbon atom, being roughly 8.5 meV. The splitting at the K point is orders of magnitude smaller. Earlier tight-binding theories indicated the value of this intrinsic gap of 1 eV, based on the -coupling. All-electron first-principles calculations give much higher values, between 25 and 50 eV, due to the presence of the orbitals of the d symmetry in the Bloch states at K. A realistic multiband tight-binding model is presented to explain the effects the d orbitals play in the spin-orbit coupling at K. The -coupling is found irrelevant to the value of the intrinsic spin-orbit-induced gap. On the other hand, the extrinsic spin-orbit coupling ͑of the Bychkov-Rashba type͒, appearing in the presence of a transverse electric field, is dominated by the -hybridization, in agreement with previous theories. Tightbinding parameters are obtained by fitting to first-principles calculations, which also provide qualitative support for the model when considering the trends in the spin-orbit-induced gap in graphene under strain. Finally, an effective single-orbital next-nearest-neighbor hopping model accounting for the spin-orbit effects is derived.
I. INTRODUCTION
Graphene is a two-dimensional allotrope of carbon 1 that has attracted enormous interest due to both its truly twodimensional nature as well as due to its unique electronic properties originating in the linear energy dispersion at the Fermi level. The spectrum at the K points is akin to the Dirac cones for massless relativistic particles, causing excitement about the opportunities to test relativistic quantum mechanics in a solid-state material. This ideal picture changes qualitatively when spin-orbit coupling ͑SOC͒ is taken into account. Namely, the coupling introduces a gap into the spectrum, giving a mass to the particles. The spectrum is no longer linear. The emergence of the gap moves graphene from the family of semimetals to the one of quantum Hall insulators. 2 It is ironic that the relativistic ͑spin-orbit͒ effects destroy the relativistic appearance of the graphene spectrum. While for many purposes, the spectrum can be still approximated by straight lines, SOC is important when investigating such effects as spin transport, [3] [4] [5] [6] spin relaxation, 7-14 adatoms on graphene, 15 or magnetoanisotropies of the predicted magnetic edges. 16 The question of how large is the spin-orbit-induced gap, the so-called intrinsic gap, at the K point has been given conflicting answers. The earliest estimates of 200 eV ͑Ref. 2͒ were replaced by tight-binding ͑TB͒ studies and supporting first-principles results, 17, 18 predicting the gap as small as 1 eV. These TB studies considered s and p orbitals. An all-electron first-principles calculation gave a much higher value, of 50 eV, 19 posing an interesting puzzle of what is the actual physics behind the gap. It was recently proved, again from first-principles calculations, that the gap originates from the SOC of ͑nominally unoccupied͒ d and higher orbitals. 20 The predicted gap in that calculation is 24 eV. A reasonable estimate, considering the idiosyncrasies of the ab initio codes, is the value of the gap in the range between 25 and 50 eV.
The fact that one has to consider d and higher orbitals to get a sizable spin-orbit gap in graphene turns out to has already been known to Slonczewski, 21, 22 who devised a group theoretical argument showing in effect that the SOC of the p orbitals contributes in the second order while that of the d orbitals in the first order. Nice symmetry arguments can be found in Ref. 23 . The main point is that without SOC the p z orbitals, that form the relevant states at K, do not hybridize with p x and p y . Their hybridization is solely via the spin-orbit interaction. On the other hand, p z do hybridize with d xz and d yz orbitals, forming together the band, as also proven from first-principles work. 20 Since the d xz and d yz are split by SOC, forming "rotating" orbitals d xz Ϯ id yz , the gap of the band is linearly proportional to the d splitting.
Graphene has a center of inversion symmetry, making its states doubly ͑spin͒ degenerate at a given momentum, even in the presence of SOC. Graphene on a substrate, or under a gate bias, loses this property and the bands further split. This splitting is termed extrinsic, and is akin to the one encountered in semiconductor physics under the name of BychkovRashba splitting or structure inversion asymmetry induced splitting. 24, 25 Only Kramers degeneracy is left, meaning that the energies of the states of opposite spins and momenta are equal. The origin of the extrinsic splitting is the Stark effect, allowing for the -hybridization, combined with the p orbital SOC. The corresponding TB theory has already been developed; 17 d orbitals give negligible contribution ͑of the order of 1%͒, as calculated from first principles 20 or from our TB theory presented here. The extrinsic gap is about 10 eV for the electric field of 1 V/nm. This energy scales linearly with the field. A significant enhancement of the extrinsic spin splitting has been reported for graphene placed on a substrate. [26] [27] [28] [29] Large values of the splitting ͑anything more than 1 meV should be considered as giant here͒ are likely due to charge transfer between substrate and graphene. When an impurity or an adatom is placed on graphene, the sp 3 hybridization may distort graphene locally and induce splittings comparable to the values found in zinc-blende semiconductors. 15 This paper explains the relatively large splitting in the intrinsic graphene from using TB physics. We include the relevant s, p, and d orbitals and obtain the orbital couplings necessary to account for the splitting by fitting the TB model to first-principles calculations. Our formula for the intrinsic splitting shows that while the contribution from the SOC of the p orbitals increases with increasing lattice constant ͑de-creasing hopping energy͒, the contribution from the d orbitals decreases. This predicted trend is nicely confirmed from first-principles; as the lattice constant increases, first the splitting decreases, demonstrating the dominance of the d orbitals. After hitting a minimum the splitting increases, being dominated by the SOC of the p orbitals. We also give explicit formulas for the extrinsic splitting, showing that the contributions from the d orbitals are negligible.
For many purposes, such as for investigating spinpolarized transport, magnetoelectric effects, or disorder effects, it is useful to have a simple single-orbital hopping scheme. The functional form of such a hopping Hamiltonian is given by the system symmetries for the specific band region. 2 We derive such an effective model here by folding down our multiorbital TB scheme to the level, revealing the most relevant hopping paths ͑that comprise virtual hoppings to other orbitals͒ and justifying the hopping Hamiltonian from the conventional TB perspective. The resulting spin-dependent next-nearest-neighbor hopping model reproduces well the spin-resolved spectrum of graphene.
The paper is organized as follows. In Sec. II, we introduce the TB model including the relevant d orbitals, and discuss their contribution to the density of states at the Fermi level. In Sec. III A, we turn on the spin-orbit interaction and present the numerical results as well as analytical formulas for the intrinsic SOC induced gap at K. In Sec. III B, we apply a transverse electric field to the graphene sheet and obtain estimates for the -and p z -d contributions to the extrinsic gap. Finally, in Sec. IV we derive an effective nextnearest-neighbor model for the band in graphene including SOC.
II. TIGHT-BINDING MODEL
The hexagonal crystal structure of graphene comprises two atoms in its unit cell. Each set of atoms forms a triangular sublattice conventionally denoted as A and B. The Bloch states for each sublattice can be written as a linear combination of localized Wannier functions. In a tightbinding spirit, the Wannier functions are approximated by atomic directed orbitals. These orbitals point along the axes of a chosen coordinate system, in which the three nearest neighbors to an atom at origin are located at
where a = 2.46 Å is the lattice constant. The columns are the two-dimensional coordinates x and y, defining the coordinate system.
Considering the nearest neighbors only, the site-dependent TB Hamiltonian reads
where , are the atomic orbitals, are their energies, and n ជ i = R ជ i / ͉R ជ i ͉ is the unit vector connecting the neighboring atoms. The hopping matrix elements t , , which depend on the bond orientation, are obtained using the two-center SlaterKoster approximation. 30 The neighboring atomic orbitals are in general not orthogonal. This fact results in the nonzero overlap matrix elements S , , which are usually needed to reproduce the electronic spectrum over a wide momentum range. We will give the values for the overlap matrices of the s and p orbitals by fitting to our first-principles calculation. However, for the K points the overlaps play little role ͑Ͻ 10%͒, and we neglect them in our considerations for the SOC.
As the carbon atom has four electrons in the outer shell, one typically resorts to an 8 ϫ 8 TB Hamiltonian 31 for graphene. Without SOC the block-diagonal form of the Hamiltonian contains two different kinds of bands, the and the bands. The states corresponding to the bands are responsible for the mechanical ͑cohesive͒ properties of graphene while the bands, formed by the bonds between the out-of-plane p z orbitals, are responsible for the unique electronic properties. The conelike dispersion of the bands in the vicinity of the inequivalent K and KЈ points, the corners of the hexagonal Brillouin zone, is described by the 2 ϫ 2 Dirac-type Hamiltonian,
with the Fermi velocity v F 0 = ͱ 3aV pp / ͑2ប͒, where V pp is the hopping parameter of the p z orbitals and the wave vector ជ is measured with respect to the Dirac K͑KЈ͒ points, k ជ = K ជ ͑K ជ Ј͒ + ជ . The Pauli matrices ជ describe the pseudospin space, such that the eigenstates of z correspond to the states on the sublattices A and B, and accounts for the inequivalent K ជ = ͑4 / 3a ,0͒ ͑ =1͒ and K ជ Ј= ͑−4 / 3a ,0͒ ͑ =−1͒ points. The eigenvalues of H 0 are given with respect to p , the energy of the p orbitals. The small representation of the K point, described by the D 3h point group, allows some d orbitals to contribute to the -band Bloch states primarily formed by the p z states. 21, 23 A natural extension of the TB model in seeking for the additional contributions coming from the d orbitals, is to consider hopping between p and d orbitals. Within the Slater-Koster approximation the bands in graphene are formed by the p z , d xz , and d yz orbitals, resulting in hopping matrix elements t , ͑n x , n y ͒, which are given in Table I . The corresponding Slater-Koster hopping parameters are illustrated in Fig. 1 . The TB Hamiltonian, Eq. ͑2͒, for the band at the K͑KЈ͒ points has the form
given in the basis of
By solving the secular equation det͑H − I͒ = 0, where I is the identity matrix, the following two degenerate states can be identified at the Dirac points:
with the corresponding normalization N =1+2␥ 2 and 
It is evident that ␥ and consequently V pd controls the contribution from the d orbital to the bands.
The energy dispersion very close to the K point remains linear. Here the p-d coupling renormalizes the Fermi velocity
To obtain a quantitative estimate for ␥ we calculate the density of states ͑DOS͒ close to the Fermi level, which can be expressed in terms of ␥,
where
is the linear DOS without d orbitals and energy is measured with respect to the Dirac point. In the analytical derivation of Eq. ͑6͒ and the energy dispersion, we neglect the hopping between the d orbitals since those contribute only to the states, whose energies are much larger than the Fermi energy. By performing firstprinciples calculations of DOS based on the full-potential augmented plane-wave method, 32 we can determine the parameter ␥ by calculating the ratio of the DOS slopes close to the Fermi level with and without d orbitals. The ratio is 
III. SPIN-ORBIT COUPLING
A. Intrinsic gap SOC connects the electron spin and orbital degrees of freedom. Its major effect comes from the orbits close to the atomic nuclei. Therefore, the crystal potential can be approximated by the spherical atomic potential, which finally gives on-site contribution to the TB Hamiltonian. By averaging the radial degree of freedom the SOC reads
where s ជ is the vector of the Pauli matrices representing the real spin and L ជ is the angular momentum operator. The matrix element ͗¯͘ , is given in the basis of directed atomic orbitals , and ᐉ is the angular momentum resolved atomic SOC strength with ᐉ = ͕s , p , d ,...͖. The matrix elements of the dimensionless SOC operator L ជ · s ជ for the relevant orbitals in graphene are shown in Table II . Previous TB calculations 7, 17, 18 considered p orbitals only. The SOC of these orbitals removes the block-diagonal form of the Hamiltonian Eq. ͑2͒ by coupling the and bands. This results in the intrinsic SOC splitting of the bands, inducing a gap at the Dirac point of only about 1 eV. However, as already discussed by Slonczewski 21, 22 and proven by ab initio calculated by Gmitra et al., 20 to obtain the spin-orbit splitting at K in graphene one has to consider d orbitals.
Including d orbitals to the TB Hamiltonian ͑see Appendix A͒ and folding down the Hamiltonian using Löwdin transformation ͑see Appendix B͒, assuming small spin-orbit coupling and V pd with respect to the energy difference d − p , we derive the effective 4 ϫ 4 Hamiltonian in the vicinity of the K͑KЈ͒ points,
Here H I is the intrinsic SOC Hamiltonian, having the standard functional form, 23 
͑Color online͒ Sketch of the Slater-Koster hopping parameters ͑a͒ V pp , ͑b͒ V pd , ͑c͒ V dd , and ͑d͒ V dd␦ , needed to calculate the contributions of the d orbitals to the band.
͑9͒
The intrinsic spin-orbit induced gap at the K͑KЈ͒ points is twice the intrinsic spin-orbit parameter,
The first term in Eq. ͑10͒ gives a contribution to the intrinsic SOC from the p orbitals, derived previously; 7, 17, 18 this contribution is negligible, giving a gap of about 1 eV, mainly due to the fact that the SOC of the p orbitals, p , appears in the second order. The second term in the above equation is due to the d orbitals and gives a gap of 23 eV, as obtained from first-principles. 20 This term dominates, mainly because the SOC of the d orbitals, d , appears in the first order.
To analyze in more detail the contribution from the d orbitals, let us focus on the dependence of the spin-orbit gap on the hopping parameters. In general the hopping parameters decrease with increasing interatomic distance. 33 The contribution to the gap from the p orbitals is inversely proportional to the square of V sp and thus should increase with increasing interatomic distance. In Fig. 2 , we show the calculations of the intrinsic gap 2 I as a function of the relative lattice constant ã / a stretching. In the absence of d orbitals, the gap increases exponentially and should approach the atomiclike splitting ⌬ =3 p Ϸ 8.5 meV for an isolated carbon atom. The d orbital contribution is quadratically proportional to V pd , thus should vanish for large ã / a. The resulting decrease and further increase of the gap as the function of ã / a is an interplay between the contributions from both the p and d orbitals.
Using the results of the first-principles calculations of the gap in Eq. ͑10͒ and the band structure of graphene, we derive the nine parameters of the s , p orbital TB model by fitting the energy spectrum at the high-symmetry points ͑⌫ ,K͒ for different artificial lattice constants. The resulting values of the hopping parameters for graphene lattice constant ͑ã / a =1͒ are presented in the Table III compared to the previous calculations.
31 Figure 3 shows the agreement between the band structures along high-symmetry lines obtained by the TB and first-principles calculation. The energies along the K⌫ and KM lines differs less than 5% at about 200 meV from F , setting the scale for the anisotropy. Taking the hopping parameters in Table III and results of first-principles calculations of I we extract the atomic SOC parameters using Eq. ͑10͒, where p Ϸ 2.8 meV. This value coincides with the literature 7, 17, 18 taking the different definitions of p into account. Thereby the numerical diagonalization shows a change in this value Ͻ0.01%, that is due to the nonzero overlap parameters. The parameter d Ϸ 0.8 meV is obtained, in contrast, using the first-principles calculation results of the DOS and spin-orbit-induced gap using Eqs. ͑6͒ and ͑10͒. There is no fitting of the energy spectrum like in the s , p case possible, since the needed high-energy states in the conduction bands cannot be identified. The value is linearly sensitive to the S pd overlap. For a reasonable value of S pd = 0.1 ͑which is similar to V pp , see Table III͒ , the extracted d is within 10% of what we get for no overlap. This sets the accuracy of the extracted parameters. 
B. Bychkov-Rashba effect
An external electric field, that is perpendicular to the graphene plane, breaks spatial inversion symmetry and changes the band structure of graphene. 2, 20 It can originate from a gate voltage or charged impurities in the substrate. The resulting extrinsic SOC leads to spin splitting of the conduction and valence bands due to the Bychkov-Rashba effect. 24 We investigate this extrinsic SOC by including an electric field into the TB model in the form of the external potential eEẑ, which represents an atomic single-particle Stark effect. Due to symmetry, this term allows for the coupling of the s and p z orbitals and the p z and d z 2 orbitals within the same atom. Nonzero matrix elements of the TB Hamiltonian ͑see Appendix A͒ equal eEz sp and eEz pd , where z sp and z pd are the expectation values ͗s͉ẑ͉p z ͘ and ͗p z ͉ẑ͉d z 2͘, respectively, of the operator ẑ. The electric field leads to a shift of the electron charge density inducing a dipole moment of 0.0134 CÅ in a unit cell for a typical field of 1 V/nm. 20 Since this value is rather tiny we assume that the matrix elements eEz sp and eEz pd are small with respect to p − s and d − p , respectively. By folding down the TB Hamiltonian including the atomic SOC and external potential we derive the effective Hamiltonian in the vicinity of the K͑KЈ͒ points,
with the Bychkov-Rashba part
The Bychkov-Rashba parameter is given by
The contribution of the p orbitals was already obtained in Ref. 17 . The linear dependence of the Bychkov-Rashba parameter on the electric field E is consistent with the first-principles calculations. 20 But unlike the intrinsic SOC, the extrinsic contribution due to the d orbitals to BR is rather small since the d orbitals contribution is proportional to the product of two small quantities,
According to the first-principles calculations 20 BR =5 eV for a typical field of E =1 V/ nm. This is an order of magnitude smaller than the previous predictions by Huertas-Hernando et al. 7 of the value of 47 eV and Min et al. 17 of 67 eV. The contribution of d orbitals to BR is about 1.5%. Comparing the expressions for the Bychkov-Rashba parameters in Eq. ͑13͒ with first-principles calculation we obtain eEz sp Ϸ 15 meV and the ratio eEz pd / ͑ d − p ͒ = 0.0003, which confirms our necessary assumption for the Löwdin transformation used in the derivation of the Eqs. ͑11͒ and ͑13͒. Table  III . The size of the symbols reflects the contribution of the orbitals to the corresponding eigenstates.
shows the exponential increase of the Bychkov-Rashba parameter BR due to the realistic lattice constant stretching, which is controlled by the decay of the hopping parameter V sp with increasing interatomic distance.
IV. EFFECTIVE NEXT-NEAREST-NEIGHBOR HOPPING
In the phenomenological description of graphene, the intrinsic and extrinsic SOC originate from the spin-dependent next-nearest-neighbor ͑nnn͒ and spin-dependent nearestneighbor ͑nn͒ hopping, respectively. 2, 34 The corresponding hopping parameters can be derived from our multiorbital TB model. Doing so, those empirical hopping parameters are expressed by TB parameters, which were introduced in the previous chapters.
The crucial point of our TB model is the absence of spindependent or spin-flipping direct hopping terms. The SOC acts only in the vicinity of the atom core. Hence there is only an effective spin-dependent hopping between two p z orbitals. Such effective hoppings result from a sequence of on-site and nearest-neighbor hoppings within atomic orbitals, the socalled hopping paths. By factoring out the intermediate states ͑see Appendix C͒ of the real-space Hamiltonian of noninteracting electrons,
an effective Hamiltonian can be derived. Here the matrix elements T ,s,i;,s Ј ,j mark the hopping between the orbitals and with a spin s and sЈ, respectively, which belong to the atoms i and j; c ,s,i † , c ,s Ј ,j are the corresponding creation and annihilation operators. The matrix elements of the neighboring atoms are shown in Table IV using a specific model, that is shown in Fig. 5 .
The Hilbert space of the effective Hamilton operator is reduced to that of p z orbitals; we omit these labels in further equations. As predicted, distinct terms, the intrinsic and extrinsic SOC, appear in the Hamilton operator. The intrinsic SOC operator
contains the nnn hopping with the index l going through all the six next nearest neighbors of the atom j. The parameter j,l =1͑−1͒ for anticlockwise ͑clockwise͒ hopping if j is in sublattice A; vice versa if j is in B. The extrinsic SOC Hamiltonian
appears as hopping within nearest neighbors connected by unit vector n ជ m . The strengths of the effective hopping are given by the parameters TABLE IV. Real-lattice hopping matrix T within the nearestneighbor approximation. The geometrical arrangement is defined in Fig. 5 , where the atom labeled by ͑p , q͒ belongs to the sublattice A. The index p counts the zigzag chains and the index q atoms in a chain. The matrix elements t , ͑n ជ͒ ͑Ref. 30͒ contain the nearestneighbor hopping parameters and the on-site matrix elements , , the energies of the orbitals and the atomic SOC parameters Eqs. ͑A3͒ and ͑A7͒. which correspond to the SOC parameters given by Eqs. ͑10͒ and ͑13͒. The effective TB Hamilton matrix Eq. ͑11͒ is obtained by Fourier transforming into the k space of the creation and annihilation operators. 34 The validity of this effective Hamiltonian is again limited, because its eigenenergies are constrained by
These conditions limit the wave vector k to the vicinity of the K͑KЈ͒ points; the effective hopping Hamiltonian is valid roughly for Ͻ 2 / a. Figure 6 shows the band structure of graphene around K͑KЈ͒ points for artificially large values t BR = 500 eV and eEz sp = 1.5 eV. These values are at the limit for the validity of the effective hopping Hamiltonian since higher electric fields would break the linear relation between t BR and eEz sp .
The spin-orbit interaction respects the symmetries of the crystal so no spin-dependent band splitting occurs. Hence it does not couple states of opposite spins, for the spin quantized perpendicular to the sheet. There are two leading hopping paths between two p z orbitals having the same spin, which results in the intrinsic SOC term shown in the Eq. ͑10͒. The paths through the states of the bands, which are constructed by the s, p x , and p y orbitals, are shown in Fig. 7 . They include two SOC-induced on-site hoppings with the strength p , because of the spin flipping. Hence this effect appears in the second order in SOC and the corresponding effective hopping parameter should be negligible small. In Fig. 8 , we illustrate the paths through the unfilled -band states, the d xz and d yz orbitals. These paths include only one SOC induced on-site spin-conserving hopping with the strength d . Therefore this path of hopping is the most responsible for the gap opening, even if the hopping parameter V pd is small compared to the parameter V pp .
The Bychkov-Rashba SOC effect originates from the effective nn hopping of two p z orbitals of the opposite spin, appearing in the presence of an applied transverse electric field. The corresponding hopping paths are shown in Fig. 9 . The effective nn spin-flipping hopping originates from the coupling to the -band states: a spin-conserving on-site hopping to the s or d z 2 orbitals and an on-site s-p coupling ͑via SOC͒ which flips the spin. The nn hopping takes place between the s , p orbitals and p , d orbitals. In contrast to the intrinsic SOC, the effect of the d orbitals is negligible. Hence the Stark effect coupling of the p z and d z 2 orbitals is tiny compared to the coupling of p z to the s orbitals. In addition, the SOC coupling of the d orbitals appears an order of magnitude smaller then that of the p orbitals. Finally, the hopping between the p and d orbitals is also smaller then the one between p and s orbitals. Thus the contribution of the sequence of the hopping paths in which the d orbitals take part is quite limited.
Finally we point out that the presented arguments go in hand with the results of our first-principles calculations.
V. CONCLUSIONS
We have presented a multiorbital extended TB model for graphene considering s, p, and d orbitals relevant when SOC is present. Since d orbitals contribute to the bands without SOC, their ͑atomic͒ spin-orbit splitting determines the value of the band gap at the K͑KЈ͒ points. This fact is independently confirmed by performing first-principles calculations of the dependence of the SOC induced gap on the lattice constant. We have also derived an effective single-orbital hopping Hamiltonian that captures all the essential spin-orbit physics of itinerant electrons in graphene. With the parameters derived from the multiorbital theory and the insight given by showing the relevant effective hopping paths, such a model should be useful for spin-polarized transport investigations, within the limitations restricting its use close to the K͑KЈ͒ points.
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APPENDIX A
The extended TB Hamilton matrix can be divided into four blocks,
͑A1͒
The diagonal blocks describe the bands ͑H ͒ and the bands ͑H ͒, which are coupled by SOC, leading to nonzero off-diagonal blocks of the TB Hamiltonian ͑H s ͒. 
͑A3͒
Here ᐉ are the energies of the atomic orbitals, ᐉ the atomic SOC strength of the orbitals with ᐉ = ͕s , p , d ,...͖ and the Pauli matrices s i with i = ͕x , y , z͖. The off-diagonal matrices ͑H AB ͒ † = H BA are presented here at the K ͑ =1͒ and the KЈ ͑ =−1͒ points 
